Abstract. We consider the GUT-like model with two scalar fields which has infinitesimal deviation from the conformal invariant fixed point at high energy region. In this case the dominating quantum effect is the conformal trace anomaly and the interaction between the anomaly-generated propagating conformal factor of the metric and the usual dimensional scalar field. This interaction leads to the renormalization group flow from the conformal point. In the supersymmetric conformal invariant model such an effect produces a very weak violation of sypersymmetry at lower energies.
Introduction
The formulation of consistent quantum field theory in curved space-time requires two new elements: the action of vacuum S v [g µν ] and also the nonminimal scalar-curvature interaction 1 2 ξRϕ 2 for each scalar field. The theory which lacks one of those elements is nonrenormalizable, because the corresponding counterterms appear anyway, and already at the one-loop level (see, for example, [1] for the introduction). One can suppose that such a theory with an action S = S min + S non−min + S v should be valid until the effects of quantum gravity become important, that is for the energies well below the Planck scale. It is naturally to suppose that at the very high energies below the Planck scale the theory doesn't depend on the massive parameter and is conformal invariant. The condition of local conformal invariance is the special choice of the nonminimal parameter ξ = 1 6 . The necessary action of vacuum has, in the conformal case, the restricted form:
where √ −g C 2 = √ −g C µναβ C µναβ is the conformal invariant square of the Weyl tensor and E = R 2 µναβ −4R 2 µν +R 2 is the Gauss-Bonnet integrand. On quantum level the conformal invariance is spoiled by the trace anomaly which takes place in both vacuum [2] and matter-fields [3] sectors of the theory. In the vacuum sector the trace anomaly arises (in the framework of dimensional regularization and the minimal subtraction scheme) because the counterterms, which must be added to the one-loop effective action, are local expressions in n-dimensional space-time. In general, the origin of the anomaly is the lack of regularization preserving both general covariance and local conformal invariance (see [4] for the review of conformal anomaly and related issues).
The interest to the conformal invariant theories in four dimensions (4d) is partially inspired by the important role which they play in the two-dimensional (2d) theories which are traditionally considered as a toy models for the realistic higher dimensional theories. There are, however, a serious differences between 2d and 4d theories. First of all, in 2d the fields with a different spin contribute to the anomaly (which comes from the d 2 x √ −gR -type counterterm) with a different sign, that leads to the existence of the critical dimension for the sigma-models and thus in 2d the anomaly may be canceled. In 4d there are three possible types of the one-loop counterterms (1) and the fields with the different spin give contributions with the same sign to the renormalization constants of the vacuum parameters a 1 and a 2 in (1). Therefore in 4d the critical dimension doesn't exist. The situation remains the same, even if the supersymmetry and quantum effects of gravity use to be incorporated [5] . Another possibility which may be realized only in 2d is to start from the non-linear sigma-model in a background fields (defined as a geometric objects in target space) and thus provide the cancelation of anomaly in the noncritical dimension [6, 7] . In 4d this scheme doesn't work either, because the nonlinear sigma-model is non-renormalizable and its possible higher derivative version [8] presumably contains unphysical massive ghosts. Thus, the quantum effects inevitably lead to the violation of conformal invariance through the trace anomaly with the consequent propagation of the conformal factor [9, 10] 1 . The study of the quantum theory of the conformal factor as a low-energy version of quantum gravity has been started in [13] (See also [14] ).
In the matter fields sector of the classically conformal invariant theory the one-loop divergences are also invariant but the finite one-loop contributions to the one-loop effective action are not. This can be, in particular, seen through the renormalization of the composite operators in the expression for the energy-momentum tensor [3] . This renormalization leads to the violation of the conformal invariance in the higher-loop divergences [15] . Thus, in 4d, the classically conformal invariant theory suffers from two kinds of deceases: the conformal anomaly arises at one loop and produces the propagation of the conformal factor and also the nonconformal divergences take place at higher loops and break the renormalizability. Therefore the local conformal symmetry in 4d can not be exact, and can be realized only as an approximate high energy phenomena which may be called asymptotic conformal invariance. The asymptotic conformal invariance has been originally discovered in [16, 17] as a consequence of the conformal invariance of the one-loop divergences. This kind of the asymptotic conformal invariance doesn't follow from the asymptotic freedom and it puts some extra constraints on the multiplet composition and on the values of the coupling constants of the gauge model [18] . The shortcoming of this approach is that the higher order corrections to the β-functions spoil the asymptotic conformal invariance and hence ξ = 1 6 is not the renormalization group fixed point beyond the one-loop level. Here we adopt another point of view on the asymptotic conformal invariance. Let us suppose that the asymptotically free or finite gauge theory in curved space-time, which is generated at Planck energy scale as an effective low-energy theory, is originally conformal invariant and thus the conformal invariant theory is the initial condition for the renormalization group flow in far UV rather than its fixed point.
For the theories with a weak coupling the one-loop effects are always dominating and hence the leading quantum effect is the conformal (trace) anomaly
The values of k 1 , 2 , 3 depend only on the number of fields of different spin in a GUT model [2] . The anomaly leads to the equation for the effective action 2g µν δW/δg µν = − √ −g T µ µ . The solution of this equation is the 4d analog of the Polyakov action. It can be written in a local form [9] as:
The values of the coefficients k ′ 1,2,3 are related to the ones of the trace anomaly in a well known way [9] . The propagator of the conformal factor σ is an inverse to the fourth derivative conformal invariant operator [19, 9, 10] :
and hence in the flat space limit σ is massless field which can be essential at long distances. The solution (2) includes also an arbitrary conformal invariant functional S c . In four dimensional quantum field theory this functional can not be calculated exactly, and one can only establish its high energy asymptotic or derive some lower order terms in its expansion. However this functional doesn't depend on the conformal factor and thus it is irrelevant for our purposes 2 . ¿From the physical point of view anomaly means the propagating conformal factor. Simultaneously the two-loop effects produce the violation of the conformal constraint ξ = 1 6 and as a result the conformal factor starts to interact with the usual scalar field. The investigation of the physical consequences of this interaction has been started in [24] . The interaction with the propagating conformal factor modifies the renormalization group equation for the scalar coupling f and ξ. These equations have minimal IR-stable fixed point ξ = f = 0, and in the vicinity of this point one meets the first order phase transition, as a result the Einstein gravity is induced [24] . In [24] the theory with one scalar field was considered. Here we are going to perform the detailed study of the renormalization group equations in the framework of more complicated models with two scalar multiplets. Our purpose is to estimate the running of the couplings due to the interaction with the anomaly-generated conformal factor and, in particular, explore the renormalization group flow from the conformal fixed point in the models which are finite and supersymmetric in flat space time.
Starting from the conformal initial point in far UV limit one can trace the renormalization group flows for the coupling constants and ξ backward to the lower energies. In this way one can predict the value of ξ at the lower energy scales. Thus we arrive at the necessity to study the renormalization group behavior in the theory which has only infinitesimal deviation from the conformal fixed point in far UV. To perform this in a consistent way one has to take into account the effect of conformal anomaly and the consequent quantum effects of the propagating conformal factor [24] . The detailed study of the renormalization group behavior is the purpose of the present paper.
The paper is organized in a following way. In the next section we formulate the model of GUT coupled to the propagating conformal factor. In section 3 the derivation of the one-loop counterterms is performed. Section 4 is devoted to the renormalization group equations for two different models, and in the last section we draw our conclusions. 2 The action of gravity induced by conformal anomaly has interest for the construction of quantum gravity [14, 20] . It looks possible that the proper choice of the functional Sc may revoke the discrepancy between the above effective action and direct calculations of W [gµν, σ] in [21] and with the results of the study of the two-and three-point functions [22, 23] .
Interaction of matter fields with conformal factor
We suppose that the effects of conformal factor are relevant below the Planck scale where the nonminimal parameters ξ become slightly different from 1/6 due to the higher loop effects. In curved space-time the transition to the low energies (or long distances) corresponds to conformal transformation in the induced gravity action [1] , after that classical fields and induced gravity appear in a different conformal points [24] (see also [13] ). In order to take this into account one has to make a conformal transformation of the metric in (2) and then consider the unified theory. However it is more useful to perform the conformal transformation in the action of the matter fields. Such a transformation corresponds to some change of variables in the path integral for the unified theory, and doesn't modify the results of quantum calculations in the matter field sector, which we are interested in.
The only source of conformal noninvariance in the action of the massless GUT model is the nonminimal term in the scalar sector. As far as the values of the parameters ξ are not equal to 1 6 the conformal factor starts to interact with the scalar fields. Consider the general SU (N) model with two types of scalar fields: real ones Φ a in the adjoint representation and complex ones ϕ i in vector representation of the gauge group. In curved space-time one has to introduce two nonminimal parameters ξ 1 and ξ 2 -one for each type of the scalar fields. This model has been investigated in [25] without taking into account the back reaction of vacuum, and one can find more complete information including the full set of the β-functions in this paper. Below we write down only that parts of the β-functions which we shall actually use.
Introducing the scale parameter α we arrive at the following action for the conformal factor coupled to scalar fields:
where W [g µν , σ] has been defined in (2) and we use the notation (∇σ) 2 = g µν ∂ µ σ∂ ν σ. In all the expressions D are the derivatives of the matter fields which are covariant with respect to both gauge and gravitational fields. The notations for the SU (N) group including the relations between symmetric D rab and antisymmetric f abc structure constants, generators
, traces etc. can be found in [1] (see also second reference in [26] ). The flat-space part of the potential has the form
The action of scalar fields (4) must be supplemented by the action of spinors and gauge fields which are part of the GUT model. The corresponding Lagrangian has the form [25]
We are interested in the quantum theory of matter fields and conformal factor σ on the background of the classical metric. The interaction between matter fields and conformal factor arises as a result of the conformal transformation of the metric g µν → g ′ µν = g µν exp(2ασ) and the matter field w → w ′ = w exp(d w ασ), where d w is the conformal weight of the field w. One can see that the massless spin-1 2 and spin-1 fields decouple from the conformal factor. The only kind of fields which takes part in such an interaction are scalars, for which the interaction with conformal factor appears as a result of the violation of the condition ξ = 1/6 at low energies. The contributions of other matter fields to the β-functions and effective potential of the scalar fields do not depend on the conformal factor, they are given by the usual expressions [25, 1] .
Calculation of the one-loop divergences
The calculation of the one-loop divergences of the theory (4) is not a trivial problem because the classical action contains second derivative terms as well as fourth derivative ones. Here we shall use the approach of Ref. [26] , where the one-loop divergences have been calculated for higher derivative quantum gravity coupled to the matter fields. Following [26] , we shall use the background field method and generalized Schwinger-DeWitt technique of [27] . Thus we start from the separation of fields into background σ, φ and quantum τ, η ones by changing (σ, Φ a , ϕ i , ϕ
where
and the imaginary units are introduced for convenience. The one-loop effective action is defined as
whereĤ is the bilinear (with respect to the quantum fields τ, η, χ, χ + ) form of the classical action (4). After some algebra we get the following self-adjoint bilinear form
with the following derivative structure of the operatorĤ:
The bilinear form of the action is matrix differential operator with fourth derivatives in the H τ τ sector and with second derivatives in the sector of usual scalar fields and in the mixed pieces. This structure of the bilinear form is similar to the one which is known from the theory of multiscalar GUT coupled to higher derivative gravity [26] . This is indeed natural, because what we are doing now is nothing but the study of induced quantum gravity (2) unified with the same GUT model. This analogy facilitates the calculations considerably, because of the following three reasons:
i) The general expression for the divergent part of 
The above formula includes the standard contribution of the second order operator
(see, for example, [1] ), the contribution of the minimal fourth order operator first calculated in [10] and also the contributions from the mixed sector derived in Ref. [26] for the case of higher derivative gravity coupled to matter fields. The formula (11) shows, in particular, that we do not need explicit expression for N λ .
ii) Calculating the divergences with the use of the formula (11) one can learn the form of the beta-functions. However, since the formula (11) is the same as for the higher derivative gravity, it is easy to see that the general structure of the renormalization group equations in our theory is also the same as the one established in [26] . In particular, the quantum gravity corrections to the beta-functions of the nonminimal parameters ξ j are completely universal, they do not depend on the model and have the same form as for the one-scalar model [24] . Therefore all that we need is the form of the quantum gravity corrections to the beta-functions of the constants f i . These corrections can be calculated on flat background and hence in what follows we put g µν = η µν and switch off all the curvature dependent terms.
iii) The structure of the expression (11) is direct generalization of the one we have already studied in [24] for the 1-scalar model. One can easily check that here, just as in the 1-scalar model, the contributions of trP 1Q1 , tr (P 1Q2 +P 2Q1 ), tr (P 1Q3 +P 3Q1 ), and trP 2Q2 cancel, and therefore we need only the expressions for V µν , U,P 1 ,Q 1 ,Ê λ ,D. Disregarding the curvature dependent terms one can obtain the following expressions for V, U,Q 1 ,P 1 ,D :
where Z = α 2 (∇σ) 2 + α(2σ) and
Substituting these expressions into (11) we arrive at the explicit form of the corrections to the matter sector of Γ div from the quantum conformal factor 3 .
where ε = (4π) 2 (n − 4) is the parameter of dimensional regularization, and we disregarded all surface and matter-independent terms. One can see that there are no any divergences which lead to renormalization of scalar fields Φ, ϕ. Thus the only modifications due to the contributions of the conformal factor are in the renormalization of couplings f 1,2,..,5 and parameters ξ 1,2 , and the renormalization group equations include only β−functions, but not γ-functions. The contribution of the conformal factor to the effective potential of the scalar fields depends on the β-functions only.
Renormalization group equations
Now we are in a position to perform the renormalization group study of the back-reaction of vacuum to the matter fields. For our purposes it is convenient to use the formulation of the renormalization group in curved space-time, given in [17, 1] . The renormalization group equation for the effective action in curved space-time has the form
where w is the full set of the quantum fields (gauge, spinor, Higgs and conformal factor σ) and p -complete set of parameters including ξ's. The solution corresponding to the desirable scaling behavior has the form
where µ is the dimensional parameter of renormalization. Effective fields and coupling constants obey the equations
(4π) 2 dp(t) dt
where γ and β functions are defined as usual. According to the results of the previous section the renormalization of the fields and all couplings except f i and ξ j are not modified by the contributions of the quantum field σ. Thus the β-functions for the gauge and Yukawa coupling constants are just the ones derived in [25] . On the other hand, these contributions to the β f i and β ξ j all have universal form and do not depend on the gauge group of the theory. Thus we find for our theory (from this moment we will be using the variables ζ j = 1 − 6ξ j for convenience):
p is the β-function for the effective parameter p in curved space-time without back reaction of vacuum (or other form of quantum gravity) and ∆β p are the quantum gravity corrections. In our case, contrary to the high derivative gravity [26] those ∆β p 's are nonzero only for the scalar and the nonminimal parameters.
According to recent communications (see, for example, [28] ) the values of ξ j are very important at the energies between the Planck scale M P l = 10 19 GeV and the unification scale M X = 10 14 GeV , because there is a hope to meet natural inflation for this rate of character energies. Thus our purpose is to evaluate the running of ξ j (or ζ j ) backward from the high energy Planck scale. As a lower end of the energy interval one can take the unification point M X = 10 14 GeV but, since it doesn't lead to the serious changes in the calculations we shall take, as a lower limit, the Fermi scale M F = 100 GeV .
SU(N) model: running away from the finite theory
As an examples of the effect of the quantum conformal factor we shall consider two toy models with two scalar fields: one which possesses the one-loop finiteness without supersymmetry [25] , and another one which admits N = 2 supersymmetry but is not finite.
Let us start with the generic model (4). The counterterms (13) lead to the following expressions for ∆β p :
and
Let us now consider the asymptotic behavior of the effective couplings f i (t), ζ j (t). As it was already mentioned above, all the β-functions (corresponding to gauge, Yukawa, scalar couplings and to the nonminimal parameters ξ) vanish in the conformal fixed point
where f * i , h * k are the values corresponding to the fixed point in flat space-time. The corrections ∆β indicate that there is also a second "minimal" fixed point with the same (25) solutions for h k (t) and f i (t) but with ζ j = 1 (this corresponds to the ξ j = 0 in (4) , that is why we call this fixed point minimal). The behavior of the effective charges and effective potential in the vicinity of the minimal fixed point has been studied in [24] for the one-scalar model. Now we are interested in the behavior of the effective charges close to the conformal fixed point.
As far as the renormalization group equations for g(t), h k (t), f i (t), ζ j (t) are very cumbersome, it is reasonable to take particular models in which the study of these equations performs easier. As a first example, let us take a particular model of (4) with N = 8 and one scalar multiplet in the adjoint representation. When the number of spinor multiplets is m = 84 the theory is one-loop finite in the flat space-time (see Ref. [25] for a detailed discussion of such a model without taking the quantum effects of the conformal factor into account). To perform the numerical analysis of the renormalization group equations one has to impose the initial conditions at far UV. We suppose that the running from the conformal fixed point happens because of the two-loop contributions which violate the ξ = 1 6 condition and thus switch on the interaction with the conformal factor. Thus, to impose the initial conditions one has to evaluate the two-loop effects. The two-loop contributions are, generally speaking, proportional to g 4 (4π) 4 multiplied by the combinatorial factor. Let us take the typical value of the parameter ζ as 10 −3 , while the coupling constant is g 2 = 0.1. Then the numerical analysis enables one to trace the behavior of the effective couplings ζ(t), f 1,2 (t) for 0 > t = ln(µ/M P l ) > −39 that corresponds to the running between µ = M P l = 10 19 GeV and µ = M F = 10 2 GeV .
We have performed the numerical analysis of the full system of the renormalization group equations for the effective gauge, Yukawa, scalar couplings and ζ(t) with taking into account the corrections (19) - (24) . As an initial point of the renormalization group flow in far UV we choose the values (see [25] for the details)
that provides the one-loop finiteness in the theory without back reaction of vacuum. The results for the contribution to the couplings due to back-reaction, that is the differences Df j and Dζ j between the couplings in the with and without the back-reaction of vacuum, are plotted in Fig. 1 . It is easy to see that the plots for the deviations look like a plane lines. The reason for this is that the effect of the back reaction is very week and in such a "small" interval on the logarithmic scale the non-linear function looks like a linear. Also the numerical values presented at the Fig. 1 show that the effect is very small. For instance, the deviation of f 1,2 from the finite fixed point is about six orders smaller than the value of the coupling itself in this fixed point. One has to notice that since the effect is almost linear, it is quite easy to construct the same plots for other initial deviations Dζ 1 .
The similar numerical analysis has been performed for the more interesting SU (5) model (4) - (6) The results of the numerical solution are presented at the Fig. 2 .The parameter Dζ 1 (0) here is taken 0.01 as in the previous example, and we kept the constraint Dζ 1 = Dζ 2 for the sake of simplicity. Qualitatively the results are the same as in the one-scalar case -the effect exists but it is tiny. 
Model with the rigid breaking of supersymmetry
Let us now consider the SU (2) gauge model with an action [29, 16, 1] :
where ϕ and Λ are scalar and pseudoscalar fields in the adjont representation of the SU (2) gauge group. Other notations are obvious. In flat space, for the particular values of the couplings
the model (26) possesses the N = 2 supersymmetry. For other values of the couplings one meets the renormalizable theory which has also second non-supersymmetric renormalization group fixed point [29] . In curved space time this model is also renormalizable (if only the nonminimal terms and the action of vacuum are introduced), and admits the asymptotic conformal invariance for (27) and
Taking into account our previous results we arrive at the renormalization group equations for the above model with the back reaction of vacuum. The gauge coupling behaves as [29] 
and supersymmetry fixes Yukawa constants to be h 2 1 = h 2 2 = g 2 . In flat space-time those relations hold under renormalization [29] . The same happens when we put our theory in curved spacetime and take the back reaction of vacuum into account, because the quantum conformal factor contributes to the β-functions of the scalar couplings and nonminimal parameters. We are interested in the renormalization group flow from the supersymmetric and conformal invariant UV fixed point, that is why we have to impose the constraints (27) on the initial data. As far as the back reaction doesn't concern the behavior of the Yukawa couplings, the relations (27) 
while for ξ 1,2 (t) we meet the equations:
In order to study the renormalization group behaviour of the effective couplings f (t), ξ(t) we have to choose the initial value of g 2 and the initial variation Dζ 1 = −Dζ 2 = 0. As in the previous case we take in the far UV g 2 = 0.1 and ζ 1 = 0.001 . The results of the numerical analysis, concerning the contributions due to back-reaction, are plotted in Figs. 3 for the case ζ 1 = 0.001.
One can see that in this case the effect of quantum conformal factor is essentially the same as in the previous case of the SU (8) and SU (5) models. Because of those effects one meets the nonzero f 1,2,3 couplings with the first two having the values about 10 −8 at the M X unification scale and about 10 −6 at the M F Fermi scale, while they remain identically zero without the back reaction of the conformal factor.
In order to give some speculation on the strongly coupled theories we also investigated the case with initial values of g 2 = 0.5 and ζ = 0.1. The results are plotted at Fig. 4 . 
Conclusion
The arguments were presented that in four-dimensional quantum field theory in curved space-time the local conformal symmetry can not be exact, and that it can be only approximate symmetry which serves as the initial point for the renormalization group equations in the far UV limit. Starting from the conformal invariant theory one meets the trace anomaly and consequent propagation of the conformal factor of the metric. We have considered the interaction between the quantized conformal factor and the matter fields in a theory with approximate conformal symmetry, in a region close to the scale of asymptotic freedom and asymptotic conformal invariance.
The contributions of the conformal factor to the β-functions of the scalar coupling constants have been calculated and it was shown that these contributions drive the theory out from the conformal point and also modify a values of the scalar coupling constants. If the starting model in far UV possesses supersymmetry and (or) finiteness, the interaction with the conformal factor leads to the violation of those properties at lower energies. For the initial violations about Dζ i = 0.001 the numerical values of the deviations of the scalar couplings from the symmetric state range from 10 −8 to 10 −6 at the Fermi scale and about one order less at the Unification scale. Indeed the effect is very weak and therefore all the dependencies are very close to be linear. In particular the above deviations may be considered as proportional to the squares of the initial violations (Dζ i ) 2 of the conformal invariance. At higher loops the supersymmetry breaking in the scalar sector should violate supersymmetry in the Yukawa and gauge interactions. As a result the relations between the masses of the particles at low energies may differ from the ones which are expected in supersymmetric GUT's and the supersymmetry is not seen at low energies. However, since the numerical effect of such a violation will be extremely small, it is very difficult to see how one can observe it. One can say that if the local conformal invariance exists as a high energy symmetry, it holds as a very good approximation at lower energies. Abstract. We consider the GUT-like model with two scalar elds which has in nitesimal deviation from the conformal invariant xed point at high energy region. In this case the dominating quantum e ect is the conformal trace anomaly and the interaction between the anomaly-generated propagating conformal factor of the metric and the usual dimensional scalar eld. This interaction leads to the renormalization group ow from the conformal point. In the supersymmetric conformal invariant model such an e ect produces a very weak violation of sypersymmetry at lower energies.
Introduction
The formulation of consistent quantum eld theory in curved space-time requires two new elements: the action of vacuum S v g ] and also the nonminimal scalar-curvature interaction 1 2 R' 2 for each scalar eld. The theory which lacks one of those elements is nonrenormalizable, because the corresponding counterterms appear anyway, and already at the one-loop level (see, for example, 1] for the introduction). One can suppose that such a theory with an action S = S min + S non min + S v should be valid until the e ects of quantum gravity become important, that is for the energies well below the Planck scale. It is naturally to suppose that at the very high energies below the Planck scale the theory doesn't depend on the massive parameter and is conformal invariant. The condition of local conformal invariance is the special choice of the nonminimal parameter = 1 6 . The necessary action of vacuum has, in the conformal case, the restricted form: is the Gauss-Bonnet integrand. On quantum level the conformal invariance is spoiled by the trace anomaly which takes place in both vacuum 2] and matter-elds 3] sectors of the theory. In the vacuum sector the trace anomaly arises (in the framework of dimensional regularization and the minimal subtraction scheme) because the counterterms, which must be added to the one-loop e ective action, are local expressions in n-dimensional space-time. In general, the origin of the anomaly is the lack of regularization preserving both general covariance and local conformal invariance (see 4] for the review of conformal anomaly and related issues).
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The interest to the conformal invariant theories in four dimensions (4d) is partially inspired by the important role which they play in the two-dimensional (2d) theories which are traditionally considered as a toy models for the realistic higher dimensional theories. There are, however, a serious di erences between 2d and 4d theories. First of all, in 2d the elds with a di erent spin contribute to the anomaly (which comes from the R d 2 x p gR -type counterterm) with a di erent sign, that leads to the existence of the critical dimension for the sigma-models and thus in 2d the anomaly may be canceled. In 4d there are three possible types of the one-loop counterterms (1) and the elds with the di erent spin give contributions with the same sign to the renormalization constants of the vacuum parameters a 1 and a 2 in (1). Therefore in 4d the critical dimension doesn't exist.
The situation remains the same, even if the supersymmetry and quantum e ects of gravity use to be incorporated 5]. Another possibility which may be realized only in 2d is to start from the non-linear sigma-model in a background elds (de ned as a geometric objects in target space) and thus provide the cancelation of anomaly in the noncritical dimension 6, 7] . In 4d this scheme doesn't work either, because the nonlinear sigma-model is non-renormalizable and its possible higher derivative version 8] presumably contains unphysical massive ghosts. Thus, the quantum e ects inevitably lead to the violation of conformal invariance through the trace anomaly with the consequent propagation of the conformal factor 9, 10]
1
. The study of the quantum theory of the conformal factor as a low-energy version of quantum gravity has been started in 13] (See also 14]).
In the matter elds sector of the classically conformal invariant theory the one-loop divergences are also invariant but the nite one-loop contributions to the one-loop e ective action are not. This can be, in particular, seen through the renormalization of the composite operators in the expression for the energy-momentum tensor 3]. This renormalization leads to the violation of the conformal invariance in the higher-loop divergences 15]. Thus, in 4d, the classically conformal invariant theory su ers from two kinds of deceases: the conformal anomaly arises at one loop and produces the propagation of the conformal factor and also the nonconformal divergences take place at higher loops and break the renormalizability. Therefore the local conformal symmetry in 4d can not be exact, and can be realized only as an approximate high energy phenomena which may be called asymptotic conformal invariance. The asymptotic conformal invariance has been originally discovered in 16, 17] as a consequence of the conformal invariance of the one-loop divergences. This kind of the asymptotic conformal invariance doesn't follow from the asymptotic freedom and it puts some extra constraints on the multiplet composition and on the values of the coupling constants of the gauge model 18]. The shortcoming of this approach is that the higher order corrections to the -functions spoil the asymptotic conformal invariance and hence = 1 6 is not the renormalization group xed point beyond the one-loop level. Here we adopt another point of view on the asymptotic conformal invariance. Let us suppose that the asymptotically free or nite gauge theory in curved space-time, which is generated at Planck energy scale as an e ective low-energy theory, is originally conformal invariant and thus the conformal invariant theory is the initial condition for the renormalization group ow in far UV rather than its xed point. For the theories with a weak coupling the one-loop e ects are always dominating and hence the leading quantum e ect is the conformal (trace) anomaly < T >= k 1 C 
1 The derivation of the anomaly-generated e ective action of the conformal factor has been also performed in 11] for the case of the theory with torsion and in 12] for the supersymmetric matter on the background of simple supergravity.
The values of the coe cients k 0 1;2;3 are related to the ones of the trace anomaly in a well known way 9]. The propagator of the conformal factor is an inverse to the fourth derivative conformal invariant operator 19, 9, 10]: = 2 2 + 2R r r 2 3 R2 + 1 3 (r R)r (3) and hence in the at space limit is massless eld which can be essential at long distances. The solution (2) includes also an arbitrary conformal invariant functional S c . In four dimensional quantum eld theory this functional can not be calculated exactly, and one can only establish its high energy asymptotic or derive some lower order terms in its expansion. However this functional doesn't depend on the conformal factor and thus it is irrelevant for our purposes 2 . From the physical point of view anomaly means the propagating conformal factor. Simultaneously the two-loop e ects produce the violation of the conformal constraint = 1 6 and as a result the conformal factor starts to interact with the usual scalar eld. The investigation of the physical consequences of this interaction has been started in 24]. The interaction with the propagating conformal factor modi es the renormalization group equation for the scalar coupling f and . These equations have minimal IR-stable xed point = f = 0, and in the vicinity of this point one meets the rst order phase transition, as a result the Einstein gravity is induced 24]. In 24] the theory with one scalar eld was considered. Here we are going to perform the detailed study of the renormalization group equations in the framework of more complicated models with two scalar multiplets. Our purpose is to estimate the running of the couplings due to the interaction with the anomaly-generated conformal factor and, in particular, explore the renormalization group ow from the conformal xed point in the models which are nite and supersymmetric in at space time.
Starting from the conformal initial point in far UV limit one can trace the renormalization group ows for the coupling constants and backward to the lower energies. In this way one can predict the value of at the lower energy scales. Thus we arrive at the necessity to study the renormalization group behavior in the theory which has only in nitesimal deviation from the conformal xed point in far UV. To perform this in a consistent way one has to take into account the e ect of conformal anomaly and the consequent quantum e ects of the propagating conformal factor 24]. The detailed study of the renormalization group behavior is the purpose of the present paper.
The paper is organized in a following way. In the next section we formulate the model of GUT coupled to the propagating conformal factor. In section 3 the derivation of the one-loop counterterms is performed. Section 4 is devoted to the renormalization group equations for two di erent models, and in the last section we draw our conclusions.
Interaction of matter elds with conformal factor
We suppose that the e ects of conformal factor are relevant below the Planck scale where the nonminimal parameters become slightly di erent from 1=6 due to the higher loop e ects. In curved space-time the transition to the low energies (or long distances) corresponds to conformal transformation in the induced gravity action 1], after that classical elds and induced gravity appear in a di erent conformal points 24] (see also 13]). In order to take this into account one has to make a conformal transformation of the metric in (2) and then consider the uni ed theory. However it is more useful to perform the conformal transformation in the action of the matter elds. Such a transformation corresponds to some change of variables in the path integral for the uni ed theory, and doesn't modify the results of quantum calculations in the matter eld sector, which we are interested in.
The only source of conformal noninvariance in the action of the massless GUT model is the nonminimal term in the scalar sector. As far as the values of the parameters are not equal to 1 6 the conformal factor starts to interact with the scalar elds. Consider the general SU(N) model with two types of scalar elds: real ones a in the adjoint representation and complex ones ' i in vector representation of the gauge group. In curved space-time one has to introduce two nonminimal parameters 1 and 2 { one for each type of the scalar elds. This model has been investigated in 25] without taking into account the back reaction of vacuum, and one can nd more complete information including the full set of the -functions in this paper. Below we write down only that parts of the -functions which we shall actually use.
Introducing the scale parameter we arrive at the following action for the conformal factor coupled to scalar elds: 
The action of scalar elds (4) 
We are interested in the quantum theory of matter elds and conformal factor on the background of the classical metric. The interaction between matter elds and conformal factor arises as a result of the conformal transformation of the metric g ! g 0 = g exp(2 ) and the matter eld w ! w 0 = w exp(d w ), where d w is the conformal weight of the eld w. One can see that the massless spin- 1 2 and spin-1 elds decouple from the conformal factor. The only kind of elds which takes part in such an interaction are scalars, for which the interaction with conformal factor appears as a result of the violation of the condition = 1=6 at low energies. The contributions of other matter elds to the -functions and e ective potential of the scalar elds do not depend on the conformal factor, they are given by the usual expressions 25, 1].
Calculation of the one-loop divergences
The calculation of the one-loop divergences of the theory (4) 
whereĤ is the bilinear (with respect to the quantum elds ; ; ;
+ 2V r r + N r + UQ 1 2 +Q 2 r +Q 3 P 1 2 +P 2 r +P 31 2 +Ê r +D : (10) The bilinear form of the action is matrix di erential operator with fourth derivatives in the H sector and with second derivatives in the sector of usual scalar elds and in the mixed pieces. This structure of the bilinear form is similar to the one which is known from the theory of multiscalar GUT coupled to higher derivative gravity 26]. This is indeed natural, because what we are doing now is nothing but the study of induced quantum gravity (2) (11) is the same as for the higher derivative gravity, it is easy to see that the general structure of the renormalization group equations in our theory is also the same as the one established in 26]. In particular, the quantum gravity corrections to the beta-functions of the nonminimal parameters j are completely universal, they do not depend on the model and have the same form as for the one-scalar model 24] . Therefore all that we need is the form of the quantum gravity corrections to the beta-functions of the constants f i . These corrections can be calculated on at background and hence in what follows we put g = and switch o all the curvature dependent terms.
iii) The structure of the expression (11) Substituting these expressions into (11) we arrive at the explicit form of the corrections to the matter sector of div from the quantum conformal factor ; (13) where " = (4 ) 2 (n 4) is the parameter of dimensional regularization, and we disregarded all surface and matter-independent terms.
One can see that there are no any divergences which lead to renormalization of scalar elds ; '.
Thus the only modi cations due to the contributions of the conformal factor are in the renormalization of couplings f 1;2;::;5 and parameters 1;2 , and the renormalization group equations include only functions, but not -functions. The contribution of the conformal factor to the e ective potential of the scalar elds depends on the -functions only.
Renormalization group equations
Now we are in a position to perform the renormalization group study of the back-reaction of vacuum to the matter elds. 
where w is the full set of the quantum elds (gauge, spinor, Higgs and conformal factor ) and p { complete set of parameters including 's. The solution corresponding to the desirable scaling behavior has the form e 2t g ; w; p; ] = g ; w(t); p(t); ] ; (15) where is the dimensional parameter of renormalization. E ective elds and coupling constants obey the equations (4 ) 2 dw(t) dt = ( w + d w ) ; w(0) = w ;
2 dp(t) dt = p + p d p ; p(0) = p ; (17) where and functions are de ned as usual. According to the results of the previous section the renormalization of the elds and all couplings except f i and j are not modi ed by the contributions of the quantum eld . Thus the -functions for the gauge and Yukawa coupling constants are just the ones derived in 25]. On the other hand, these contributions to the f i and j all have universal form and do not depend on the gauge group of the theory. Thus we nd for our theory (from this moment we will be using the variables j = 1 6 j for convenience):
g ; (18) where (0) p is the -function for the e ective parameter p in curved space-time without back reaction of vacuum (or other form of quantum gravity) and p are the quantum gravity corrections. In our case, contrary to the high derivative gravity 26] those p 's are nonzero only for the scalar and the nonminimal parameters.
the running from the conformal xed point happens because of the two-loop contributions which violate the = 1 6 condition and thus switch on the interaction with the conformal factor. Thus, to impose the initial conditions one has to evaluate the two-loop e ects. The two-loop contributions are, generally speaking, proportional to g 4 (4 ) 4 multiplied by the combinatorial factor. Let us take the typical value of the parameter as 10 We have performed the numerical analysis of the full system of the renormalization group equations for the e ective gauge, Yukawa, scalar couplings and (t) with taking into account the corrections (19) { (24) . As an initial point of the renormalization group ow in far UV we choose the values (see 25] for the details) h 2 = 0 ; f 1 0:43621 ; f 2 0:30277 that provides the one-loop niteness in the theory without back reaction of vacuum. The results for the contribution to the couplings due to back-reaction, that is the di erences Df j and D j between the couplings in the with and without the back-reaction of vacuum, are plotted in Fig. 1 . It is easy to see that the plots for the deviations look like a plane lines. The reason for this is that the e ect of the back reaction is very week and in such a \small" interval on the logarithmic scale the non-linear function looks like a linear. Also the numerical values presented at the Fig. 1 show that the e ect is very small. For instance, the deviation of f 1;2 from the nite xed point is about six orders smaller than the value of the coupling itself in this xed point. One has to notice that since the e ect is almost linear, it is quite easy to construct the same plots for other initial deviations D 1 .
The similar numerical analysis has been performed for the more interesting SU (5) Qualitatively the results are the same as in the one-scalar case { the e ect exists but it is tiny. . The same happens when we put our theory in curved space-time and take the back reaction of vacuum into account, because the quantum conformal factor contributes to the -functions of the scalar couplings and nonminimal parameters. We are interested in the renormalization group ow from the supersymmetric and conformal invariant UV xed point, that is why we have to impose the constraints (27) on the initial data. As far as the back reaction doesn't concern the behavior of the Yukawa couplings, the relations (27) 
In order to study the renormalization group behaviour of the e ective couplings f(t); (t) we have to choose the initial value of g One can see that in this case the e ect of quantum conformal factor is essentially the same as in the previous case of the SU(8) and SU(5) models. Because of those e ects one meets the nonzero f 1;2;3 couplings with the rst two having the values about 10 
Conclusion
The arguments were presented that in four-dimensional quantum eld theory in curved space-time the local conformal symmetry can not be exact, and that it can be only approximate symmetry which serves as the initial point for the renormalization group equations in the far UV limit. Starting from the conformal invariant theory one meets the trace anomaly and consequent propagation of the conformal factor of the metric. We have considered the interaction between the quantized conformal factor and the matter elds in a theory with approximate conformal symmetry, in a region close to the scale of asymptotic freedom and asymptotic conformal invariance.
The contributions of the conformal factor to the -functions of the scalar coupling constants have been calculated and it was shown that these contributions drive the theory out from the conformal point and also modify a values of the scalar coupling constants. If the starting model in far UV possesses supersymmetry and (or) niteness, the interaction with the conformal factor leads to the violation of those properties at lower energies. at the Fermi scale and about one order less at the Uni cation scale. Indeed the e ect is very weak and therefore all the dependencies are very close to be linear. In particular the above deviations may be considered as proportional to the squares of the initial violations (D i ) 2 of the conformal invariance. At higher loops the supersymmetry breaking in the scalar sector should violate supersymmetry in the Yukawa and gauge interactions. As a result the relations between the masses of the particles at low energies may di er from the ones which are expected in supersymmetric GUT's and the supersymmetry is not seen at low energies. However, since the numerical e ect of such a violation will be extremely small, it is very di cult to see how one can observe it. One can say that if the local conformal invariance exists as a high energy symmetry, it holds as a very good approximation at lower energies.
